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In this work, the intermeson interactions of double-beauty B¯B¯, B¯B¯∗, and B¯∗B¯∗ systems have been studied with
heavy meson chiral effective field theory. The effective potentials are calculated with Weinberg’s scheme up to
one-loop level. At the leading order, four-body contact interactions and one-pion exchange contributions are
considered. In addition to two-pion exchange diagrams, we include the one-loop chiral corrections to contact
terms and one-pion exchange diagrams at the next-to-leading order. The behaviours of effective potentials both
in momentum space and coordinate space are investigated and discussed extensively. We notice the contact terms
play important roles in determining the characteristics of the total potentials. Only the potentials in I(JP) = 0(1+)
B¯B¯∗ and B¯∗B¯∗ systems are attractive, and the corresponding binding energies in these two channels are solved
to be ∆EB¯B¯∗ ' −12.6+9.2−12.9 MeV and ∆EB¯∗ B¯∗ ' −23.8+16.3−21.5 MeV, respectively. The masses of 0(1+) B¯B¯∗ and
B¯∗B¯∗ states lie above the threshold of their electromagnetic decay modes B¯B¯γ and B¯B¯γγ, and thus they can be
reconstructed via electromagnetic interactions. Our calculation not only provides some useful information to
explore exotic doubly-bottomed molecular states for future experiments, but also is helpful for the extrapolations
of Lattice QCD simulations.
PACS numbers: 12.39.Fe, 12.39.Hg, 14.40.Nd, 14.40.Rt
I. INTRODUCTION
Hunting for exotic multiquark states beyond the conven-
tional meson and baryon configurations is a long-standing
problem of QCD [1–3]. After the pioneering exotic state
X(3872) was discovered in 2003 by the Belle Collaboration
[4], a new perspective of hadronic physics was opened, and
plenty of exotic hadrons called XYZ states were observed at
experiments [5, 6]. Lots of experimental and theoretical ef-
forts have been paid to understand the nature of these states,
but they still seem very elusive.
Most of these states cannot be assigned into the frame-
work of conventional quark model. For example, if we treat
X(3872) as the χ′c(2P) charmonium, the mass of it would
be about 78 MeV lower than the prediction of relativized
quark model [7]. Furthermore, the isospin violation process
X(3872) → J/ψρ with the substantial decay width makes
the situation more complicated and mysterious. Thus vari-
ous pictures and explanations were put forward to probe the
inner structure of X(3872), such as molecular model [8–13],
tetraquark state [14, 15], traditional axial vector charmonium
[16, 17], Lattice QCD simulation [18, 19], and other theoret-
ical schemes [21] (for a review, see Ref. [5]). Among them,
the shallowly bound molecular picture, i.e., the deuteron-
like configuration, is the most popular one, because the mass
of X(3872) is very close to the threshold of D0D¯∗0. Like
study the interaction of proton and neutron is a sine qua non
for understanding the characteristics of deuteron and nuclear
force, if we want to comprehensively understand the nature
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of X(3872) and other resonances in XYZ family, to research
the strong interactions between heavy mesons would be an in-
eluctable key issue.
Unlike a plethora of XYZ states have been observed in char-
monium energy region [5, 6, 20], only two Zb states were re-
ported in bottomonium spectrum [22]. There is also no unani-
mous conclusion on what the Zb(10610) and Zb(10650) really
are [5], but one promising interpretation about the two charged
bottomonium-like states is molecular conjecture which are
composed of BB¯∗ and B∗B¯∗, respectively [23–27]. Stimulated
by the continuously experimental observations of novelly hid-
den heavy flavor exotic states over the past decade, the inter-
actions between heavy meson-heavy antimeson systems have
been intensively investigated. For example, before Zb(10610)
was observed in 2011, Liu et al had predicted a loosely bound
S -wave BB¯∗ molecular state in the framework of one boson
exchange (OBE) model [12], and later, the BB¯∗ and B∗B¯∗ sys-
tems were again studied with OBE model [24–26, 28, 29].
In Ref. [30], the pion-mediated interaction associated with
coupled-channel effect is exploited to study the BB¯∗ and B∗B¯∗
systems. And some other related works such as QCD sum rule
[31], Bethe-Salpeter approach [32], coupled-channel model
[33], and so on.
As mentioned above, up to now, the observed exotic states
are mainly composed of QQ¯qq¯ or QQ¯qqq (where Q denotes
b or c quark, and q stands for u or d quark) [5]. Whereas,
nowadays, the exotic clusters with double charm or bottom
still conceal themselves from the field of our view. Fortu-
nately, LHCb Collaboration reported the observation of dou-
bly charmed baryon Ξ++cc very recently [34], which triggered
many discussions on whether the stable QQq¯q¯ tetraquark
states can exist in nature. For instance, in Ref. [35], Kar-
liner et al predicted a doubly bottomed tetraquark bbu¯d¯ with
JP = 1+ at 10389±12 MeV, which lies far below the B−B¯∗ and
electromagnetic decay B−B¯0γ thresholds. Eichten et al also
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2TABLE I: The physically allowed B¯B¯, B¯B¯∗, and B¯∗B¯∗ states [39],
where Itot and S tot designates the total isospin and total spin of two B
mesons, respectively. Due to the constraints of symmetry, the quan-
tum numbers of B¯B¯ and B¯∗B¯∗ systems must satisfy the the selection
rule L+ S tot + Itot + 2i = Even number, where L is the orbital angular
momentum between two B mesons, and i denotes the isospin of one
B meson, which is 1/2.
System
Total isospin Total spin
Itot S tot = 0 S tot = 1 S tot = 2
B¯B¯
1 even L
0 odd L
B¯B¯∗
1 all L
0 all L
B¯∗B¯∗
1 even L odd L even L
0 odd L even L odd L
found the double-beauty state with constituent quarks bbu¯d¯ is
stable against strong interactions [36]. Based on the quark-
diquark symmetry and the input of the mass of Ξ++cc , Ref. [37]
indicated the existence of a stable double-bottom tetraquark
state in I = 0 channel.
Actually, the exploration on the existence of stable QQq¯q¯
tetraquark states is always an intriguing topic. Many meaning-
ful works, including quark model potential, QCD sum rule,
color-magnetic interaction, and Lattice QCD, have been uti-
lized to study bbu¯d¯ systems. Date back to 1985, in the frame-
work of non-relativistic potential model, Ref. [38] found the
state with quark contents bbu¯d¯ to be bound. Later, Barnes et
al [39] investigated B¯B¯, B¯B¯∗, and B¯∗B¯∗ intermeson interac-
tions in quark model potential, and after solving two-meson
Schro¨dinger equations they found I = 0 BB∗ ([bq¯][bq¯]) chan-
nel is attractive (for other related works, see Refs. [40–44]). In
Refs. [45–52], the potential between two B mesons as a func-
tion of two static b quark distance is calculated in quenched
Lattice QCD (for a review, see Ref. [53]), and especially in
Refs. [50–52] the binding energy region of bbu¯d¯ system is
evaluated to be 20 − 200 MeV, which is compatible with phe-
nomenological models’ predictions [35, 36].
Inspired by the observation of doubly charmed baryon Ξ++cc
[34] and many theoretical works as mentioned before, in this
work we use chiral effective field theory (χEFT) to study the
physically allowed B¯(∗)B¯(∗)([bq¯][bq¯]) (see Tab. I), i.e., B¯B¯,
B¯B¯∗, and B¯∗B¯∗ intermeson interactions, to see in which chan-
nel the potential is attractive and to search for the possible
bound states.
χEFT has been widely employed to study the interactions
of nucleon-nucleon (N-N) and meson-meson (M-M) systems
with flying colours. For the successful application of χEFT
in N-N systems, one can see some important works in Refs.
[54–57] and the references therein, or see Ref. [58] for an
introduction to χEFT. Here, we give a short review about the
use of χEFT in M-M systems, mainly focus on heavy meson
sectors. In Ref. [10], AlFiky et al proposed an approach with
respecting the heavy quark symmetry and chiral symmetry to
deal with X(3872) as a molecular state of D0D¯∗0. Similarly,
there are also an abundance of investigations on DD¯∗(BB¯∗)
systems with χEFT, concerning the molecular assumptions of
X(3872) and two Zb states [59–69] (or see Refs. [5, 6] for a
review). In addition to utilizing χEFT to study heavy meson-
heavy antimeson systems, applying χEFT to heavy meson-
heavy meson systems (such as D(∗)D(∗), D(∗)B¯(∗) and B(∗)B(∗))
is also an interesting topic. In our two previous works, first
in Ref. [70], we gave a tentative usage of χEFT in B¯B¯ sys-
tem, and obtained the strong interaction potentials in momen-
tum space. Then in Ref. [71], we calculated S -wave DD∗
potential at one-loop level, noticed in the 0(1+) channel it is
attractive, and obtained a bound state with the binding energy
∆EDD∗ = −15.6+14.7−19.2 MeV. We also notice that in Ref. [72],
both open charm and bottom states (D(∗)B¯(∗)) are studied with
heavy meson chiral effective field theory (HMχEFT).
Based on Refs. [70, 71], we naturally extend our study
to B¯(∗)B¯(∗) systems, and for these kinds of states their typi-
cal quark configuration is [bq¯][bq¯]. To inquiry whether there
exist such heavy flavor molecular states with double bottom
or not, in our work we consider the S -wave (L = 0) inter-
actions of different B¯(∗)B¯(∗) systems. According to the selec-
tion rule listed in Tab. I, the I(JP) numbers for the physically
allowed states are: 1(0+) for B¯B¯; 1(1+) and 0(1+) for B¯B¯∗;
1(0+), 1(2+), and 0(1+) for B¯∗B¯∗. In order to get the interac-
tion potentials for these different channels in coordinate space,
we firstly calculate the amplitudes in momentum space with
SU(2) HMχEFT up to one-loop level, where the amplitudes
include the contributions from four-body contact interaction
(FBCI), one-loop corrections to four-body contact interaction,
one-pion exchange (OPE) contributions, one-loop corrections
to one-pion exchange parts, and two-pion exchange (TPE)
contributions. After subtracting the two-particle reducible
(2PR) contributions in some typical Feynman diagrams, we
make the Fourier transformation on the potentials in momen-
tum space, and thus the potentials in coordinate space can be
obtained. Finally, by solving the nonperturbative equations
such as Schro¨dinger equation, Lippmann-Schwinger equa-
tion, and so on (in this paper, the Schro¨dinger equation is
solved numerically), one can not only recover the 2PR con-
tributions, but also get the binding energy ∆E in the attractive
channels. In this way, we can predict the possible molecular
states in B¯(∗)B¯(∗) systems and make a comparison with other
phenomenological models [39, 73].
This paper is organized as follows. After the introduction,
we show the effective Lagrangians used in this work and the
Weinberg’s formalism in Sec. II. The calculations of effective
potentials and the analyses are represented in Sec. III, the con-
tributions of the low energy constants at the next-to-leading
order are estimated in Sec. IV, the results are summarized in
Sec. V, and some needful formulas are given in the Appendix.
II. EFFECTIVE LAGRANGIANS AND WEINBERG’S
FORMALISM
A. Effective Lagrangians
In the framework of HMχEFT, the scattering amplitudes
can be expanded order by order with a small parameter  =
3q/Λχ, where q is either the momentum of Goldstone bosons
or the residual momentum of heavy mesons, and Λχ repre-
sents either the chiral breaking scale or the mass of a heavy
meson. Except for B¯B¯, the scattering amplitudes of both B¯B¯∗
and B¯∗B¯∗ channels at leading order O(0) have the contribu-
tions from FBCI and OPE, which are described by the leading
effective Lagrangians in Eq. (1) [10, 61, 70] and Eq. (2) [74–
76], respectively.
L(0)4H = DaTr
[
HγµH¯
]
Tr
[
HγµH¯
]
+DbTr
[
Hγµγ5H¯
]
Tr
[
Hγµγ5H¯
]
+EaTr
[
HγµτaH¯
]
Tr
[
HγµτaH¯
]
+EbTr
[
Hγµγ5τaH¯
]
Tr
[
Hγµγ5τaH¯
]
, (1)
where Da, Db, Ea, and Eb are four independent low energy
constants (LECs), which are determined later. τa represents
the pauli matrix.
L(1)Hφ = −
〈
(iv · ∂H) H¯
〉
+
〈
Hv · ΓH¯
〉
+ g
〈
H/uγ5H¯
〉
−1
8
∆
〈
HσµνH¯σµν
〉
, (2)
where v = (1, ~0) is the four-velocity of heavy mesons, and
H denotes the degenerated B and B∗ doublet in heavy quark
limit, which can be expressed as:
H =
1 + /v
2
(
P∗µγ
µ + iPγ5
)
,
H¯ = γ0H†γ0 =
(
P∗†µ γ
µ + iP†γ5
) 1 + /v
2
. (3)
P =
(
B−, B¯0
)
, P∗µ =
(
B∗−, B¯∗0
)
. (4)
The last term in Eq. (2) accounts for the mass shift of B and
B∗, which will not vanish in chiral limit, and ∆ is the mass
difference of (B, B∗) doublet. The tensor σµν is defined as
i[γµ, γν]/2. Besides, the chiral connection Γµ and axial vector
current uµ are illustrated as follows,
Γµ =
i
2
[
ξ†, ∂µξ
]
, uµ =
i
2
{
ξ†, ∂µξ
}
, (5)
where ξ = exp(iφ/2 f ). f is the pion decay constant, and the
triplet pion field φ is defined as
φ =
√
2
 pi0√2 pi+pi− − pi0√
2
 .
As indicated in Ref. [70], other forms of FBCI at the
leading order with different Lorentz structures are not in-
dependent, such as Tr
[
HγµH¯HγµH¯
]
, Tr
[
HH¯
]
Tr
[
HH¯
]
, and
Tr
[
HσµνH¯
]
Tr
[
HσµνH¯
]
, which can be expressed as the linear
combinations of the terms involved in Eq. (1). Some terms
like Tr
[
Hγ5H¯
]
Tr
[
Hγ5H¯
]
and Tr
[
Hγ5τaH¯
]
Tr
[
Hγ5τaH¯
]
van-
ish in heavy quark limit.
At the next-to-leading order, i.e., O(2), the scattering am-
plitudes can be decomposed into four parts, one-loop correc-
tions to FBCI and OPE, TPE, and the tree diagrams governed
by O(2) Lagrangians. In our calculations, we introduce the
O(2) FBCI Lagrangians to renormalize the O(2) loop dia-
grams, which read [70, 71],
L(2,h)4H = DhaTr
[
HγµH¯
]
Tr
[
HγµH¯
]
Tr(χ+) + DhbTr
[
Hγµγ5H¯
]
Tr
[
Hγµγ5H¯
]
Tr(χ+)
+EhaTr
[
HγµτaH¯
]
Tr
[
HγµτaH¯
]
Tr(χ+) + EhbTr
[
Hγµγ5τaH¯
]
Tr
[
Hγµγ5τaH¯
]
Tr(χ+), (6)
L(2,v)4H =
{
Dva1Tr
[
(v · DH)γµ(v · DH¯)
]
Tr
[
HγµH¯
]
+ Dva2Tr
[
(v · DH)γµH¯
]
Tr
[
(v · DH)γµH¯
]
+Dva3Tr
[
(v · DH)γµH¯
]
Tr
[
Hγµ(v · DH¯)
]
+ Dva4Tr
[(
(v · D)2H
)
γµH¯
]
Tr
[
HγµH¯
]
+Dvb1Tr
[
(v · DH)γµγ5(v · DH¯)
]
Tr
[
Hγµγ5H¯
]
+ ... + Eva1Tr
[
(v · DH)γµτa(v · DH¯)
]
Tr
[
HγµτaH¯
]
+ ...
+Evb1Tr
[
(v · DH)γµγ5τa(v · DH¯)
]
Tr
[
Hγµγ5τaH¯
]
+ ...
}
+ H.c., (7)
L(2,q)4H =
{
Dq1Tr
[
(DµH)γµγ5(DνH¯)
]
Tr
[
Hγνγ5H¯
]
+ Dq2Tr
[
(DµH)γµγ5H¯
]
Tr
[
(DνH)γνγ5H¯
]
+Dq3Tr
[
(DµH)γµγ5H¯
]
Tr
[
Hγνγ5(DνH¯)
]
+ Dq4Tr
[
(DµDνH)γµγ5H¯
]
Tr
[
Hγνγ5H¯
]
+Eq1Tr
[
(DµH)γµγ5τa(DνH¯)
]
Tr
[
Hγνγ5τaH¯
]
+ ...
}
+ H.c., · · · , (8)
where
χ˜± = χ± − 12Tr[χ±], χ± = ξ
†χξ† ± ξχξ, χ = m2pi. (9)
The large amounts of LECs appeared in Eqs. (6)-(8) contain
4both the finite and infinite parts, and the infinite parts can be
used to cancel the divergences of the loop diagrams at O(2).
Nevertheless, the finite parts can not be fitted due to the lack of
enough data right now, and thus we neglect the contributions
from O(2) tree diagrams that governed by the Lagrangians in
Eqs. (6)-(8) in our computations for the moment. However,
an estimation of the errors caused by the O(2) tree graphes is
presented in Sec. IV.
B. Weinberg’s formalism
Before formally carrying out our calculations, we give a
brief introduction to Weinberg’s power counting scheme [77,
78] since it is the core of the theoretical calculations in this
work.


q+
( , )pE p
 ( , )pE p−

( )a ( )b
FIG. 1: Two types of 2PR Feynman diagrams of N-N scattering,
which will also appear in this work.
We take the two-nucleon scattering process as an example.
Considering the one-loop Feynman diagrams displayed in Fig.
1, in the non-relativistic limit the scattering amplitude of Fig.
1(a) is proportional to
i
∫
dD`
(2pi)D
1
(−`0 + iε)(`0 + iε)(`2 − m2pi + iε)
. (10)
Inspecting the above loop integral we can find that the integra-
tion over `0 is ill-defined because it has poles above and below
the real axis at `0 = ±iε (which is always called as pinch sin-
gularity [56, 78]). This problem can be cured by including
the kinetic energy of the nucleon in the leading terms but not
treating it as a perturbation. Then the pole positions of the two
nucleons’ propagators will be shifted to
`0 = ±
(
E − ~`2/2MN
)
± iε,
where E = ~p2/2MN , and MN is the mass of the nucleon. As is
pointed out by Weinberg [77, 78], after the `0 integration be-
ing performed with residue theorem the contribution from the
pole of nucleon is enhanced by a large factor MN/|~p|, and this
strong enhancement explicitly breaks the naive power count-
ing with which the `0 integral should have been of O(1/|~p|).
With the formalism given in Ref. [78], we concentrate on
the effective potential (i.e., the irreducible graphs) but not di-
rectly calculate the scattering amplitudes. Namely, remov-
ing the 2PR part contributions that originate from intermedi-
ate on-shell nucleon states (“infrared enhancement”), the irre-
ducible diagrams that make up the effective potential can then
be calculated perturbatively. The 2PR part will be automati-
cally recovered when the effective potential (or kernel) is in-
serted into the Schro¨dinger equation (or Lippmann-Schwinger
equation).
We will encounter the same problem as discussed above
when studying the interactions of two B mesons with
HMχEFT. We follow the ideas in studying N-N system [78],
i.e., we calculate the effective potentials of two B mesons first.
One can find more details of calculations in Appendix A.
III. EFFECTIVE POTENTIALS OF B¯(∗)B¯(∗) SYSTEMS
A. B¯B¯ system
The B¯B¯ system has been studied in Ref. [70] with
HMχEFT, but in Ref. [70] the four LECs were unevalu-
ated and only the TPE contributions in momentum space were
shown, and thus the behavior of the total potential is still am-
biguous. Therefore, in this part, we revisit this system and
give a more intuitional form of the potential in coordinate
space to see whether a bound state can exist in B¯B¯ system.
1.1( )g 1.2( )g 1.1( )h 1.2( )h 1.1( )z
FIG. 2: One-loop corrections to the contact vertex at O(2). The thin
solid, thick solid, and dashed lines represent B¯ meson, B¯∗ meson, and
pion, respectively.
1.1( )F 1.1( )T 1.2( )T 1.1( )B 1.1( )R
FIG. 3: Two pion exchange diagrams at O(2). There is one football
diagram (F1.1), two triangle diagrams (T1.1 and T1.2), one box dia-
gram (B1.1), and one crossed diagram (R1.1). Notations same as in
Fig. 2.
From Tab. I, one can see that only 1(0+) B¯B¯ state sur-
vives under S -wave interaction, which corresponds to the
B−(p1)B−(p2) → B−(p3)B−(p4) elastic scattering process. At
the leading order O(0), OPE is excluded and the amplitude
only receive contribution from the FBCI, by expanding the
Lagrangian in Eq. (1), one can easily get
Y(0)FBCII=1 = 8(Da + Ea). (11)
At O(2), the amplitudes receive both the one-loop dia-
grams for FBCI corrections and TPE diagrams which are il-
lustrated in Fig. 2 and Fig. 3, respectively. The amplitudes
5correspond to the diagrams in Fig. 2 are listed in Eqs. (12)-
(16),
Yg1.1 = Cg1.1 g
2
f 2
{
(D − 1)Jg22
}
r
(mpi,E − ∆,E − ∆), (12)
Yg1.2 = Cg1.2 g
2
f 2
{
(D − 1)Jg22
}
r
(mpi,E − ∆,E − ∆), (13)
Yh1.1 = Ch1.1 g
2
f 2
{
(D − 1)Jh22
}
r
(mpi,E − ∆,E − ∆), (14)
Yh1.2 = Ch1.2 g
2
f 2
{
(D − 1)Jh22
}
r
(mpi,E − ∆,E − ∆), (15)
Yz1.1 = Cz1.1 g
2
f 2
{
(D − 1) ∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣
x→E−∆, (16)
where the coefficients Cx are flavor and LECs dependent, their
concrete values are:
Cg1.1 = Cg1.2 = −4(3Da − Db − Ea − 5Eb),
Ch1.1 = Ch1.2 = 4(Db + Eb), Cz1.1 = −6(Da + Ea). (17)
Various scalar functions Jyx are defined in Appendix A 1,
mpi is the mass of pion, D is the dimension where the loop
integral is performed and approaches 4 at last. E represents
the residual energy of B¯ and B¯∗ mesons, and is defined as
E = EB¯(∗) − MB¯(∗) . {X}r denotes the finite part of X [70],
{X}r = lim
D→4
(
X − L ∂
∂L
X
)
+
1
16pi2
lim
D→4
(
∂
∂D
∂
∂L
X
)
, (18)
which is equivalent to make use of the modified minimal sub-
traction (MS) scheme.
The amplitudes of the diagrams F1.1, T1.1, T1.2, B1.1, and
R1.1 in Fig. 3 are illustrated in Eqs. (19)-(23), respectively.
YF1.1 = − 1
4 f 4
{
q20
(
JF0 + 4JF11 + 4JF21
)
+ 4JF22
}
r
(mpi, q), (19)
YT1.1 = − g
2
2 f 4
{
(D − 1)
[
q0
(
JT21 + 2JT31
)
+ 2JT34
]
− q0~q2
(
JT11 + 3JT22 + 2JT32
)
− 2~q2
(
JT24 +JT33
) }
r
(mpi,E − ∆, q), (20)
YT1.2 = − g
2
2 f 4
{
(D − 1)
[
q0
(
JT21 + 2JT31
)
+ 2JT34
]
− q0~q2
(
JT11 + 3JT22 + 2JT32
)
− 2~q2
(
JT24 +JT33
) }
r
(mpi,E − ∆, q), (21)
YB1.1 = − g
4
4 f 4
{
(D2 − 1)JB41 − ~q2
[
2(D + 1)
(
JB31 +JB42
)
+JB21
]
+ (~q2)2
(
JB22 + 2JB32 +JB43
) }
r
(mpi,E − ∆,E − ∆, q), (22)
YR1.1 = − 5g
4
4 f 4
{
(D2 − 1)JR41 − ~q2
[
2(D + 1)
(
JR31 +JR42
)
+JR21
]
+ (~q2)2
(
JR22 + 2JR32 +JR43
) }
r
(mpi,E − ∆,E − ∆, q). (23)
Here we need to stress that in rigorous heavy quark limit,
i.e., when the mass difference ∆ = 0, the amplitudes induced
by the diagrams h1.1, h1.2, and B1.1 in Fig. 2 and Fig. 3 would
approach to infinity. Thus in order to get the correct potential,
we employ Weinberg’s formalism to subtract the 2PR contri-
butions that stem from the double poles of the two intermedi-
ate heavy vector mesons. The contributions from the B∗ me-
son poles are enhanced in the 1/MB expansion and repeat the
results of the iterated OPE diagrams, and thus we only need to
consider the contribution from pion poles. The related details
are shown in Appendix A 2 and A 3.
The effective potential V can be derived from the 2PI am-
plitude Y2PI by the relation
V = −1
4
Y2PI, (24)
where the factor −1/4 comes from OBE model [28, 73], which
originates from Breit approximation.
The parameters used in the calculations are: ∆ = 0.045
GeV, mpi = 0.139 GeV, f = 0.092 GeV, g = 0.52 [79–81],
and the renormalization scale λ = 4pi f . For simplicity, as in
the OBE model [12], the transferred energy q0 and residual
energy E of heavy mesons are both set to be zero.
By calculating Eqs. (12)-(16), we obtain the result of one-
6loop corrections to FBCI,
Y(2)FBCII=1 = 4(−0.18Db + 0.1Ea − 0.08Eb). (25)
We can see the contribution of Da vanishes, while Db and Eb
emerge at O(2). In addition, the result in Eq. (25) is about
one order of magnitude smaller than that of Eq. (11), which
manifests the convergence of chiral correction is very good.
Because the FBCI and one-loop corrections to FBCI de-
scribe the short distance interactions, and they are independent
of the transferred momentum |~q|. Thus the |~q| dependent part
can only come from TPE. The result of TPE in momentum
space is displayed in Fig. 4(a). We can see that the potential
is negative when |~q| is varied from 0 to 300 MeV, which in-
dicates the TPE part supplies the attractive potential, and this
potential would be deeper if |~q| becomes larger.
Because the potential in coordinate space can give more in-
tuitional information, so we make the Fourier transformation
on the potential in momentum space by the following way,
V(r) =
∫
d3q
(2pi)3
e−iq·rV(q)F (q). (26)
We should note that, because the potential V(q) is expanded
as the power series of the transferred momentum q in χEFT, so
we need to regularizeV(q) to suppress the contributions from
high momentum to avoid the ultraviolet divergence of the in-
tegral, which is the manifestation of the fact that χEFT is valid
only for q  Λχ. Different approaches in Refs. [82–96] were
developed to regularize/renormalizeV(q) non-perturbatively.
In this work, as in Refs. [71, 97–99], we adopt a simple Gauss
regulator F (q) = exp(−q2n/Λ2n), and we set n = 2 as in Ref.
[99]. The value of the cutoff parameter Λ is commonly be-
low the mass of ρ meson in the N-N case [100], so we use a
moderate value Λ = 0.7 GeV as adopted in Ref. [71] to give
predictions.
If we want to get the numerical results of the effective po-
tential in coordinate space, we have to know the concrete val-
ues of the four LECs (see Eq. (1)). The values of the LECs
have been determined in Ref. [71] by exploiting the reso-
nance saturation model [101–103], which read (all in units
of GeV−2),
Da = −6.62 ± 0.15, Db = 0 ± 1.96,
Ea = −5.74 ± 0.45, Eb = 0 ± 1.89. (27)
With the preparations above, the effective potential of 1(0+)
B¯B¯ system in coordinate space is given in Fig. 4(b). From the
figure, we can read that although the TPE potential is attrac-
tive, the contribution from FBCI is dominantly repulsive, and
thus the total potential is undoubtedly repulsive. This result
indicates that it is impossible to find a bound state solution in
1(0+) B¯B¯ system, which is in coincidence with the calcula-
tions of Lattice QCD [50].
B. B¯B¯∗ system
For the S -wave B¯B¯∗ system, there are two different isospin
states, i.e., 1(1+) and 0(1+) B¯B¯∗ states. At the leading order,
both FBCI and OPE diagrams contribute to the scattering am-
plitudes, which are illustrated in Fig. 5, at the next-to-leading
order, the amplitude is composed of one-loop corrections to
FBCI and OPE diagrams, and TPE diagrams, which are shown
in Fig. 6, Fig. 7, and Fig. 8, respectively.
According to the effective Lagrangians given in Eq. (1) and
Eq. (2), we can easily get the amplitudes of the elastic scatter-
ing process B¯(p1)B¯∗(p2) → B¯(p3)B¯∗(p4) from the diagrams
H2.1 and X2.1 in Fig. 5,
YX2.1I=1 = 8(−Da + Db − Ea + Eb)(2 · ∗4), (28)
YH2.1I=1 = −
g2
f 2
(q · 2)(q · ∗4)
q2 − m2pi
, (29)
where the subscript I denotes the isospin of the channel, q is
the transferred momentum carried by pion, 2 and ∗4 designate
the polarization vectors of initial B¯∗ and final B¯∗, respectively.
In this section we only give the amplitudes of I = 1 channel,
and the amplitudes of I = 0 channel are shown in Appendix
B.
For the amplitudes of the one-loop corrections to FBCI of
B¯B¯∗ system in Fig. 6, similar to B¯B¯ case, we also write them
out in the following,
Yg2.1I=1 = Cg2.1
g2
f 2
(2 · ∗4)
{
Jg22
}
r
(mpi,E,E), (30)
Yg2.2I=1 =
g2
f 2
(2 · ∗4)
{
Cg2.2Jg22
}
r
(mpi,E − ∆,E − ∆), (31)
Yg2.3I=1 = Cg2.3
g2
f 2
(2 · ∗4)
{
Jg22
}
r
(mpi,E + ∆,E − ∆), (32)
Yg2.4I=1 = Cg2.4
g2
f 2
(2 · ∗4)
{
Jg22
}
r
(mpi,E,E − ∆), (33)
Yg2.7I=1 = Cg2.7
g2
f 2
(2 · ∗4)
{
Jg22
}
r
(mpi,E + ∆,E + ∆), (34)
Yh2.1I=1 = Ch2.1
g2
f 2
(2 · ∗4)
{
Jh22
}
r
(mpi,E + ∆,E − ∆), (35)
Yh2.2I=1 = 0, (36)
Yz2.1I=1 = Cz2.1
g2
f 2
(2 · ∗4)
{
∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣
x→E, (37)
Yz2.2I=1 = Cz2.2
g2
f 2
(2 · ∗4)
{
∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣
x→E+∆, (38)
Yz2.3I=1 = Cz2.3
g2
f 2
(2 · ∗4)
{
(D − 1) ∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣
x→E−∆, (39)
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FIG. 4: Figure (a) represents the TPE potential of 1(0+) B¯B¯ system in momentum space. The potentials in coordinate space are shown in figure
(b), where the dot-dashed line describes the TPE potential, the dotted line denotes the sum of FBCI potentials at O(0) and O(2), and the solid
line stands for the total potential.
2.1( )H2.1( )X
FIG. 5: The diagrams for B¯B¯∗ system at O(0), where X2.1 depicts the
contact interaction, and H2.1 is OPE diagram. Notations same as in
Fig. 2.
where the values of Cx are
Cg2.1 = 4(3Da − Db − Ea − 5Eb),
Cg2.2 = 2
[
D(3Da − Db − Ea − 5Eb) − 2(Da − Db − 3Ea
−5Eb)
]
,
Cg2.3 = −8(Db + Eb), Cg2.4 = 8(Db − 3Eb),
Cg2.7 = 8(Da + Ea), Ch2.1 = 2(Da − Db + Ea − Eb),
Cz2.1 = 12(Da − Db + Ea − Eb), Cz2.2 = Cz2.3 = 12C
z2.1 ,
(40)
and the amplitudes of diagrams g2.5, g2.6, h2.3, and h2.4 can be
obtained by the following relations,
Yg2.5I=1 = Yg2.3I=1, Yg2.6I=1 = Yg2.4I=1,
Yh2.3I=1 = Yh2.1I=1, Yh2.4I=1 = Yh2.2I=1. (41)
The amplitudes of one-loop corrections to OPE diagram
(Fig. 7) are illustrated as follows,
Yp2.1I=1 = −
g2
f 2
(q · 2)(q · ∗4)
q2 − m2pi
Σ(mpi), (42)
Yc2.1I=1 =
g2
3 f 4
(q · 2)(q · ∗4)
q2 − m2pi
{
Jc0
}
r
(mpi), (43)
Yc2.3I=1 =
−g4
4 f 4
(q · 2)(q · ∗4)
q2 − m2pi
{
Jg22
}
r
(mpi,E + ∆,E − ∆), (44)
Yc2.4I=1 =
g4
2 f 4
(q · 2)(q · ∗4)
q2 − m2pi
{
Jg22
}
r
(mpi,E,E − ∆), (45)
Yc2.7I=1 =
3g4
4 f 4
(q · 2)(q · ∗4)
q2 − m2pi
{
(D − 1) ∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣
x→E−∆,
(46)
Yc2.8I=1 =
3g4
4 f 4
(q · 2)(q · ∗4)
q2 − m2pi
{
∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣
x→E+∆, (47)
Yc2.9I=1 =
3g4
2 f 4
(q · 2)(q · ∗4)
q2 − m2pi
{
∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣
x→E, (48)
Yc2.10I=1 = Yc2.11I=1 = 0, (49)
where Σ(mpi) =
[
m2pi/(24pi
2 f 2)
]
ln(m2pi/λ
2) [58], the amplitudes
of diagrams c2.2, c2.5, and c2.6 can be obtained by the relations
Yc2.2I=1 = Yc2.1I=1, Yc2.5I=1 = Yc2.3I=1, Yc2.6I=1 = Yc2.4I=1. (50)
Here we list the amplitudes of the diagrams F2.1∼B2.3 in
Fig. 8. The amplitudes of the diagrams R2.1∼R2.3 can be re-
lated to the ones of B2.1∼B2.3, respectively. For conciseness,
the terms that involve q0 have been omitted since q0 is set to
be zero in our calculations. One can find the unabridged forms
in Ref. [71].
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FIG. 6: One-loop corrections to the FBCI of B¯B¯∗ system at O(2), which include the corrections to the B¯B¯∗B¯B¯∗ contact vertex (g2.1∼h2.4), and
wave function renormalizations of external legs (z2.1∼z2.3). Notations same as in Fig. 2.
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FIG. 7: One-loop corrections to the OPE diagram of B¯B¯∗ system at O(2), which include the renormalizations of pion line (p2.1), B¯B¯∗pi vertex
(c2.1∼c2.6, c2.10∼c2.11), and external legs (c2.7∼c2.9). Notations same as in Fig. 2.
YF2.1I=1 =
1
f 4
(2 · ∗4)
{
JF22
}
r
(mpi, q), (51)
YT2.1I=1 =
g2
f 4
{
(2 · ∗4)JT34 + (q · 2)(q · ∗4)
(
JT24 +JT33
) }
r
(mpi,E + ∆, q) , (52)
YT2.2I=1 =
g2
f 4
{
(2 · ∗4)
[
2JT34 − ~q2
(
JT24 +JT33
) ]
− (q · 2)(q · ∗4)
(
JT24 +JT33
) }
r
(mpi,E, q), (53)
YT2.3I=1 =
g2
f 4
{
(2 · ∗4)
[
(D − 1)JT34 − ~q2
(
JT24 +JT33
) ]}
r
(mpi,E − ∆, q), (54)
YB2.1I=1 =
g4
4 f 4
{
(2 · ∗4)
[
− ~q2
[
(D + 5)
(
JB31 +JB42
)
− ~q2
(
JB22 + 2JB32 +JB43
)
+JB21
]
+ 2(D + 1)JB41
]
−(q · 2)(q · ∗4)
[
(D + 3)
(
JB31 +JB42
)
− ~q2
(
JB22 + 2JB32 +JB43
)
+JB21
]}
r
(mpi,E − ∆,E, q), (55)
YB2.2I=1 =
g4
4 f 4
{
(2 · ∗4)
[
(D + 1)JB41 − ~q2
(
JB31 +JB42
) ]
+ (q · 2)(q · ∗4)
[
(D + 3)
(
JB31 +JB42
)
+JB21
−~q2
(
JB22 + 2JB32 +JB43
) ]}
r
(mpi,E + ∆,E − ∆, q), (56)
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FIG. 8: Two-pion exchange diagrams of B¯B¯∗ system at O(2). Notations same as in Fig. 2.
YB2.3I=1 =
g4
4 f 4
{[
(2 · ∗4)~q2 + (q · 2)(q · ∗4)
]
JB21
}
r
(mpi,E − ∆,E, q). (57)
When q0 = 0, the amplitude structures of diagrams R2.1∼R2.3
resemble the ones of B2.1∼B2.3, correspondingly. Hence we
can get the amplitudes of diagrams R2.1∼R2.3 by multiply-
ing the proper coefficients to the amplitudes of diagrams
B2.1∼B2.3, and substituting the loop integral JBx with JRx ac-
cordingly. One can readily verify the following correlations,
YR2.1I=1 = 5YB2.1I=1
∣∣∣∣JBx→JRx , YR2.2I=1 = 5YB2.2I=1
∣∣∣∣JBx→JRx ,
YR2.3I=1 = −5YB2.3I=1
∣∣∣∣JBx→JRx . (58)
In order to get the numerical results, some procedures are
the same as we calculate the B¯B¯ system, i.e., Eq. (24) should
be used, and the 2PR part in diagrams h2.1, h2.3, and B2.2 must
be subtracted with the aid of Weinberg’s formalism. However,
some additional steps still needed, such as the pion decay con-
stant f its bare value 0.086 GeV [71] should be adopted. Since
we only consider the S -wave interaction, the terms (2 ·∗4) and
(q · 2)(q · ∗4) appeared in above equations should be replaced
by [28, 71, 73]
(2 · ∗4) −1, (q · 2)(q · ∗4)
1
3
~q2. (59)
We first list the results of one-loop corrections to FBCI in
I = 1 and I = 0 channel, respectively.
Y(2)FBCII=1 = 4 (0.086Db − 0.086Ea − 0.21Eb) (2 · ∗4),
Y(2)FBCII=0 = 4 (−0.21Db + 0.63Ea + 0.79Eb) (2 · ∗4). (60)
By comparing with Eq. (28) and Eq. (B1), the results again
show the convergence of chiral correction is very good.
The effective potentials of 1(1+) and 0(1+) B¯B¯∗ systems in
momentum space and coordinate space are shown in Fig. 9
and Fig. 10, respectively.
From Fig. 9(a) and Fig. 10(a), we can see that the O(0)
OPE potential is attractive for both I = 1 and I = 0 chan-
nels, and the O(0) OPE potential in I = 0 channel is more
attractive than that of I = 1 channel. The O(2) potential gen-
erated by one-loop corrections to OPE diagram is very small
compared with the O(0) OPE potential, which demonstrates
that the convergence of chiral corrections to OPE diagram is
also good. The behavior of TPE potential is totally different
between these two channels. In I = 1 channel, TPE poten-
tial is attractive and it intends to be more attractive when |~q|
becomes larger. In I = 0 channel, TPE potential is repulsive,
and would be more repulsive when |~q| becomes larger.
Because the OPE and TPE potentials are all attractive in
I = 1 channel, the total potential of I = 1 channel is attractive
without the doubt. Although OPE provides an attractive po-
tential in I = 0 channel, the TPE potential is repulsive and the
absolute value of TPE potential is larger than OPE potential,
which gives rise to a repulsive total potential in I = 0 channel.
Although the sum of OPE and TPE potentials of I = 1 chan-
nel in momentum space is attractive, we still can not conclude
that there may exist a bound state in I = 1 channel, because
the contribution from the contact term is independent on |~q|,
and not included in Fig. 9(a) and Fig. 10(a). The results
in Fig. 9(b) and Fig. 10(b) are very interesting, because the
inclusion of the contributions from FBCI totally reversed the
sign of the results in momentum space. Although both the
OPE and TPE potentials are attractive in I = 1 channel, the
FBCI potential is largely repulsive, and thus the total poten-
tial of I = 1 channel in coordinate space is repulsive. For
the I = 0 channel, we notice that much of potential generated
from FBCI is canceled by the one of TPE approximately, and
thus the residual part of FBCI potential plus the contribution
from OPE play very important role, since both of them are
attractive and thus the total potential is also attractive. More-
over, we find a bound state in the 0(1+) B¯B¯∗ system by solving
the Schro¨dinger equation numerically. We obtain the binding
energy is ∆EB¯B¯∗ ' −12.6+9.2−12.9 MeV, and the corresponding
root-mean-square radius is 1.0+0.5−0.2 fm. Analogously, the OBE
model [73], quark model potential [39], and Lattice QCD [52]
all demonstrated that 0(1+) B¯B¯∗ system can form the molecu-
lar state. Our results are qualitatively consistent.
There are some other remarks on Fig. 10(b). One can no-
tice that there exists a subtle cancellation between TPE and
FBCI potentials in Fig. 10(b), and this phenomenon makes
OPE alone be enough to bind B¯ and B¯∗. Although TPE is
model independent, the LECs involved in the FBCI potential
are determined with resonance saturation model, thus the can-
cellation in Fig. 10(b) is model dependent more or less. How-
ever, this result should be reasonable. B¯B¯∗ interactions could
be related to those of BB¯∗ if we ignore the annihilation effect
in BB¯∗ channel at very short distance [104]. The authors in
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FIG. 9: Figure (a) represents the OPE and TPE potentials of 1(1+) B¯B¯∗ system in momentum space, where the dashed line denotes the OPE
potential at O(0), the dotted line is the OPE potential at O(2), the dot-dashed line describes the TPE potential, and the sum of these three parts
are depicted by the solid line. Figure (b) shows the potentials in coordinate space, where the dashed line stands for the sum of OPE potentials
at O(0) and O(2), and other basic notations are the same as in Fig. 4.
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FIG. 10: The OPE and TPE potentials of 0(1+) B¯B¯∗ system in momentum space (left panel) and the effective potentials in coordinate space
(right panel). Notations same as in Fig. 9.
Refs. [61, 62, 105] investigated DD¯∗ and BB¯∗ systems with
χEFT extensively. They noticed that O(0) contact-range in-
teractions are crucial, and the inclusion of OPE only gives rise
to minor modifications of the numerical results. As we have
seen in Fig. 10(b), this is indeed the case, i.e., the attractive
potential provided by the FBCI is stronger than that of OPE.
The consistence tells that the values of the LECs we adopted
in this work are reasonable, and the predictions given with
moderate cutoff value Λ = 0.7 GeV are reliable. In the fol-
lowing, we talk about the Λ dependence of the total potentials.
We also need to stress that in Eq. (26), we introduce a
Gauss regulator F (q) to regularize the potential V(q), and
the function F (q) contains a cutoff parameter Λ. In theory,
the binding energy should be independent of the regulariza-
tion schemes adopted in Eq. (26), the scale dependence in Eq.
(26) can be compensated by that of LECs. However, in practi-
cal calculations, it is difficult to remove the influences of Λ on
observable. Therefore, we investigate the dependence of the
total potentials for the 0(1+) B¯B¯∗ system on cutoff parameter
Λ, and the results are illustrated in Fig. 11. We can read that
the binding in the short range would be deeper when the value
of Λ is increased, but the results are not very sensitive to Λ.
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FIG. 11: The dependence of the total potentials for the 0(1+) B¯B¯∗ sys-
tem on cutoff parameter Λ, where three different results with Λ =0.6
GeV, 0.7 GeV, and 0.77 GeV are illustrated.
By solving the Schro¨dinger function, we find when Λ = 600
MeV, 700 MeV, and 770 MeV (mρ), the corresponding bind-
ing energies are ∆EB¯B¯∗ ' −8.1 MeV, −12.6 MeV, and −15.6
MeV, respectively. The result indicates that our predictions
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obtained at Λ = 700 MeV are stable, i.e., there exists a bound
state in 0(1+) B¯B¯∗ system when the cutoff is near by mρ.
Bound 0(1+) B¯B¯∗ means this state is stable against strong
interactions, it can not decay into its components due to the
constraints of phase space. However, we notice that the mass
of this state lies above the threshold of electromagnetic de-
cay mode B¯B¯γ, thus it can be constructed via electromagnetic
interactions at experiments.
C. B¯∗B¯∗ system
Like B¯B¯ system, the quantum numbers of B¯∗B¯∗ system must
be constrainted by the selection rules given in Tab. I. With S
wave, the physically allowed B¯∗B¯∗ states are 1(0+), 1(2+) and
0(1+), respectively. The diagrams at the O(0) are displayed
in Fig. 12, and the diagrams at O(2) are illustrated in Figs.
13-15.
3.1( )H3.1( )X
FIG. 12: The diagrams for B¯∗B¯∗ system at O(0). Notations same as
in Fig. 2.
For the scattering process B¯∗(p1)B¯∗(p2) → B¯∗(p3)B¯∗(p4),
we first list the amplitudes of the diagrams in Fig. 12 (we
only give the amplitudes of I = 1 channel in this section, and
the amplitudes of I = 0 channel can be found in Appendix C),
YX3.1I=1 = 8
[
(Da − Db + Ea − Eb) (ε1 + ε2)
+2(Db + Eb)ε3
]
, (61)
YH3.1I=1 = −
g2
f 2
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
, (62)
where we define
ε1 = (1 · ∗3)(2 · ∗4), ε2 = (1 · ∗4)(2 · ∗3),
ε3 = (1 · 2)(∗3 · ∗4), εa2 = (q · ∗3)(q · 2)(1 · ∗4),
εb2 = (q · 1)(q · ∗4)(2 · ∗3), εa3 = (q · ∗3)(q · ∗4)(1 · 2),
εb3 = (q · 1)(q · 2)(∗3 · ∗4), (63)
and
G(q, 1, 2, ∗3 , ∗4) = ~q2 (ε2 − ε3) +
(
εa2 − εa3
)
+
(
εb2 − εb3
)
. (64)
The amplitudes of the diagrams in Fig. 13 are given as
Yg3.1I=1 =
g2
f 2
[
Cg3.11 (ε1 + ε2) + Cg3.12 ε3
] {
Jg22
}
r
(mpi,E,E), (65)
Yg3.2I=1 =
g2
f 2
[
Cg3.2 (ε1 + ε2)
] {
Jg22
}
r
(mpi,E + ∆,E + ∆), (66)
Yg3.3I=1 =
g2
f 2
[
Cg3.3 (ε1 + ε2 − 2ε3)
] {
Jg22
}
r
(mpi,E,E + ∆), (67)
Yh3.1I=1 =
g2
f 2
[
Ch3.11 (ε1 + ε2) + Ch3.12 ε3
] {
Jh22
}
r
(mpi,E,E), (68)
Yh3.2I=1 =
g2
f 2
(
Ch3.2ε3
) {
Jh22
}
r
(mpi,E + ∆,E + ∆), (69)
Yh3.3I=1 = 0, (70)
Yz3.1I=1 =
g2
f 2
[
Cz3.11 (ε1 + ε2) + Cz3.12 ε3
] { ∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣∣
x→E
,
(71)
Yz3.2I=1 =
g2
f 2
[
Cz3.11 (ε1 + ε2) + Cz3.12 ε3
] { ∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣∣
x→E+∆
,
(72)
where the forms of the coefficients Cx are
Cg3.11 = −4(7Da − 5Db + 3Ea − 9Eb),
Cg3.12 = 8(Da − 3Db + 5Ea + Eb),
Cg3.2 = −4(3Da − Db − Ea − 5Eb), Cg3.3 = −8(Db − 3Eb),
Ch3.11 = −2(Da − Db + Ea − Eb),
Ch3.12 = 4(Da + Db + Ea + Eb),
Ch3.2 = 4(Db + Eb), Cz3.11 = −24(Da − Db + Ea − Eb),
Cz3.12 = −48(Db + Eb), Cz3.21 =
1
2
Cz3.11 , Cz3.22 =
1
2
Cz3.12 . (73)
The amplitudes of diagrams g3.4, h3.4, h3.5, and h3.6 can be
obtained by the relations
Yg3.4I=1 = Yg3.3I=1, Yh3.4I=1 = Yh3.1I=1,
Yh3.5I=1 = Yh3.2I=1, Yh3.6I=1 = Yh3.3I=1. (74)
The amplitudes of the diagrams in Fig. 14 are shown as
follows,
Yp3.1I=1 = −
g2
f 2
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
Σ(mpi), (75)
Yc3.1I=1 =
2g2
3 f 4
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
{
Jc0
}
r
(mpi), (76)
Yc3.2I=1 =
g4
2 f 4
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
{
Jg22
}
r
(mpi,E + ∆,E), (77)
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FIG. 13: One-loop corrections to the FBCI of B¯∗B¯∗ system at O(2). Notations same as in Fig. 2.
3.1( )p 3.1( )c 3.2( )c 3.3( )c 3.4( )c 3.5( )c 3.6( )c 3.7( )c 3.8( )c
FIG. 14: One-loop corrections to the OPE diagram of B¯∗B¯∗ system at O(2). Notations same as in Fig. 2.
Yc3.3I=1 =
g4
2 f 4
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
{
Jg22
}
r
(mpi,E + ∆,E), (78)
Yc3.4I=1 = −
g4
2 f 4
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
{
Jg22
}
r
(mpi,E,E), (79)
Yc3.5I=1 =
3g4
8 f 4
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
{
∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣∣
x→E+∆
, (80)
Yc3.6I=1 =
3g4
4 f 4
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
{
∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣∣
x→E
, (81)
Yc3.7I=1 = Yc3.8I=1 = 0. (82)
The amplitudes of the TPE diagrams in Fig. 15 read,
YF3.1I=1 = −
1
f 4
ε1
{
JF22
}
r
(mpi, q), (83)
YT3.1I=1 =
g2
f 4
{[
εa1 + 2ε1~q
2 + εb1
] (
JT24 +JT33
)
− 4ε1JT34
}
r
(mpi,E, q), (84)
YT3.2I=1 = −
g2
f 4
{[
εa1 + ε
b
1
] (
JT24 +JT33
)
+ 2ε1JT34
}
r
(mpi,E + ∆, q), (85)
YB3.1I=1 = −
g4
4 f 4
{[
ε1~q4 + εa1~q
2 + εb1~q
2 + εc1
] (
JB22 + 2JB32 +JB43
)
−
[
8ε1~q2 + 6εa1 + 6ε
b
1 − εa2 − εb2 − εa3
] (
JB31 +JB42
)
−
[
ε1~q2 + εa1 + ε
b
1 − εa3
]
JB21 +
[
6ε1 + ε2 + ε3
]
JB41 + εa3JB31 + εb3JB42
}
r
(mpi,E,E, q), (86)
YB3.2I=1 = −
g4
4 f 4
{
εc3
(
JB22 + 2JB32 +JB43
)
+
[
εa1 + ε
b
1 + ε
a
2 + ε
b
2 + ε
b
3
] (
JB31 +JB42
)
+
[
ε1 + ε2 + ε3
]
JB41
+εb3
(
JB21 +JB31
)
+ εa3JB42
}
r
(mpi,E + ∆,E + ∆, q), (87)
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FIG. 15: Two-pion exchange diagrams of B¯∗B¯∗ system at O(2). Notations same as in Fig. 2.
YB3.3I=1 = −
g4
4 f 4
{ [
εa1~q
2 + εb1~q
2 + 2εc3
] (
JB22 + 2JB32 +JB43
)
+
[
− 5εa1 − 5εb1 + 2ε1~q2 + 2εa2 + 2εb2 + 2εa3 + 2εb3
] (
JB31 +JB42
)
+
[
− εa1 − εb1 + εa2 + εb2
]
JB21 +
[
− 8ε1 + 2ε2 + 2ε3
]
JB41
}
r
(mpi,E,E + ∆, q). (88)
For succinctness, we also define
εa1 = (q · 1)(q · ∗3)(2 · ∗4), εb1 = (q · 2)(q · ∗4)(1 · ∗3),
εc1 = (q · 1)(q · ∗3)(q · 2)(q · ∗4),
εc3 = (q · 1)(q · 2)(q · ∗3)(q · ∗4). (89)
Analogous to the B¯B¯∗ case (see Eq. (58)), the unlisted am-
plitudes of the diagrams R3.1∼R3.3 can be achieved by the fol-
lowing relations,
YR3.1I=1 = 5YB3.1I=1
∣∣∣∣JBx→JRx , YR3.2I=1 = 5YB3.2I=1
∣∣∣∣JBx→JRx ,
YR3.3I=1 = 5YB3.3I=1
∣∣∣∣JBx→JRx . (90)
To obtain the numerical results, some terms like (i ·  j)(k ·
l), (i ·  j)(q · k)(q · l) and (q · i)(q ·  j)(q · k)(q · l) (where
i, · · · , l denotes either the polarization vector of initial state
or final state) appeared in Eqs. (61)-(88) must be reexpressed
as a constant or a function of ~q. Resembling the OBE model
[13], under S -wave interactions, the values of the term (i ·
 j)(k · l) have been given in Tab. II. For the terms containing
q, one can make the following substitutions,
(i ·  j)(q · k)(q · l)  −13~q
2(i ·  j)(k · l),
(q · i)(q ·  j)(q · k)(q · l)  19~q
4(i ·  j)(k · l). (91)
The 2PR contributions in diagrams h3.1, h3.4 and B3.1 must be
removed, and other parameters are the same as we calculating
the B¯B¯∗ system.
The resulting potentials of I = 1 and I = 0 B¯∗B¯∗ system are
depicted in Figs. 16-18, respectively.
For the 1(0+) B¯∗B¯∗ system, from Fig. 16 we can see that the
OPE potential is repulsive and the TPE potential is slightly
attractive, but the contribution from FBCI is repulsive and
largely dominant, which generates a fully repulsive potential
for the 1(0+) B¯∗B¯∗ system. Thus no bound state can be found
in the 1(0+) B¯∗B¯∗ channel in our calculations.
Wh show the effective potential of 1(2+) B¯∗B¯∗ system in
Fig. 17. The behavior of TPE potential is similar to the 1(0+)
TABLE II: The values of the products of polarization vectors under
S -wave interactions [13]. For example, in our calculations, the term
(1 · 2)(∗3 · ∗4) should be replaced by 3, 0, and 0 if the total spin S tot
equals to 0, 1, and 2, respectively.
Terms S tot = 0 S tot = 1 S tot = 2
(1 · 2)(∗3 · ∗4) 3 0 0
(1 · ∗3)(2 · ∗4) 1 1 1
(1 · ∗4)(2 · ∗3) 1 -1 1
case. The line-shape of OPE potential is totally reversed, that
is, the OPE potential is shallowly attractive for 1(2+) B¯∗B¯∗
system. Like the 1(0+) case, the potential resulted from FBCI
is also repulsive and dominant. Thus the total potential of
1(2+) B¯∗B¯∗ system is also repulsive. So we can conclude that
no bound state of B¯∗B¯∗ can exist in I = 1 channel.
At last, we analyze the potential of 0(1+) B¯∗B¯∗ system
shown in Fig. 18. In rigorous heavy quark limit, B¯ and B¯∗
mesons would be totally degenerate, so the potential of B¯B¯∗
and B¯∗B¯∗ systems should be similar if they carry the same
quantum number. By comparing Fig. 18 and Fig. 10, we can
see that the potentials of 0(1+) B¯B¯∗ and 0(1+) B¯∗B¯∗ indeed
have the same behaviors. The OPE and TPE potentials are at-
tractive and repulsive for the 0(1+) B¯∗B¯∗ system, respectively,
and the FBCI supplies a dominantly attractive potential, so the
total potential is also attractive. By solving the schro¨dinger
equation, we find a bound state in 0(1+) B¯∗B¯∗ channel with
the binding energy ∆EB¯∗ B¯∗ ' −23.8+16.3−21.5 MeV, and the corre-
sponding root-mean-square radius is 0.81+0.33−0.13 fm.
We get the mass of 0(1+) B¯∗B¯∗ system also being above the
threshold of B¯B¯γγ. Therefore, it is detectable through electro-
magnetic interactions. In addition, we could resort to its weak
decay modes as well, such as J/ψB+K0, with J/ψ and B+ be-
ing fully reconstructable from J/ψ→ `+`− and B+ → D¯0pi+.
14
|~q| (GeV)
0 0.05 0.1 0.15 0.2 0.25 0.3
V
(~q
)
(G
eV
−
2
)
-2
-1
0
1
2
3
4
5
6
O(ǫ0) 1-π
O(ǫ2) 1-π
O(ǫ2) 2-π
Total
(a)
r (GeV−1)
0 2 4 6 8 10 12 14 16
V
(r
)
(G
eV
)
-0.05
0
0.05
0.1
0.15
0.2
O(ǫ0)+O(ǫ2) 1-π
O(ǫ2) 2-π
O(ǫ0)+O(ǫ2) Contact
Total
(b)
FIG. 16: The OPE and TPE potentials of 1(0+) B¯∗B¯∗ system in momentum space (left panel) and the effective potentials in coordinate space
(right panel). Notations same as in Fig. 9.
|~q| (GeV)
0 0.05 0.1 0.15 0.2 0.25 0.3
V
(~q
)
(G
eV
−
2
)
-6
-5
-4
-3
-2
-1
0
1
O(ǫ0) 1-π
O(ǫ2) 1-π
O(ǫ2) 2-π
Total (a)
r (GeV−1)
0 2 4 6 8 10 12 14 16
V
(r
)
(G
eV
)
-0.05
0
0.05
0.1
0.15
O(ǫ0)+O(ǫ2) 1-π
O(ǫ2) 2-π
O(ǫ0)+O(ǫ2) Contact
Total
(b)
FIG. 17: The OPE and TPE potentials of 1(2+) B¯∗B¯∗ system in momentum space (left panel) and the effective potentials in coordinate space
(right panel). Notations same as in Fig. 9.
D. The results in strict heavy quark limit
It is also very interesting to study the behaviors of effective
potentials in strict heavy quark limit. As is discussed below
Eq. (23), if ∆ = 0, the diagrams h2.1∼h2.4 and B2.1∼B2.3 in
Fig. 6 and Fig. 8 would contribute to the 2PR parts of the
B¯B¯∗ scattering amplitudes. Similarly, for B¯∗B¯∗ interactions,
the diagrams h3.1∼h3.6 and B3.1∼B3.3 in Fig. 13 and Fig. 15
also contain both 2PR and 2PI contributions. In order to get
the potentials, the contributions from the 2PR parts must be
eliminated by using Weinberg’s formalism (see Appendix A 3
for more details).
Under heavy quark limit, we find the main features of the
potentials in different channels remain unchanged, so for sim-
plicity, we only give the results of two representative states,
i.e., 0(1+) B¯B¯∗ and B¯∗B¯∗. The corresponding results are plot-
ted in Fig. 19. Comparing the potentials with and without
∆ = 0 for 0(1+) B¯B¯∗ and B¯∗B¯∗ systems, we can find the cor-
responding potentials are only marginally shifted, this phe-
nomenon indicates the heavy quark symmetry holds well for
B mesons. Additionally, the effect caused by ∆ only happens
at O(2), and our calculations shown before have given the
convergence of chiral corrections is very good. Furthermore,
the mass difference of B¯ and B¯∗ lies far below the mass of
pion mpi, thus the influence of ∆ is largely suppressed. How-
ever, for D and D∗ systems, the mass shift ∆ > mpi, one can
expect more explicit effects of ∆ in DD∗ and D∗D∗ systems.
B¯ and B¯∗ would degenerate in heavy quark limit, so we an-
ticipate the appearances of the potentials in B¯B¯∗ and B¯∗B¯∗
systems should be identical if they have the same quantum
number. This is vividly reflected from Fig. 19(a) and 19(b).
We can see that the model independent parts, namely, OPE
and TPE potentials are exactly the same for the two systems.
For the model dependent parts, i.e., contact interactions, at
O(0) the contributions for B¯B¯∗ and B¯∗B¯∗ are equal, and the
only difference comes from the loop corrections. Because at
O(2), different contact structures with various combinations
of LECs are involved into the loop diagrams.
At last, we list the binding energies and root-mean-square
radii of 0(1+) B¯B¯∗ and B¯∗B¯∗ systems in the heavy quark limit,
respectively.
∆EB¯B¯∗ ' −18.0+10.3−12.9 MeV, rB¯B¯∗ ' 0.87+0.24−0.12 fm,
∆EB¯∗ B¯∗ ' −32.3+15.1−17.4 MeV, rB¯∗ B¯∗ ' 0.73+0.14−0.08 fm.
The result is in agreement with the patterns shown by cc¯ and
bb¯ spectra, i.e., the binding would be deeper when the mass of
the components is increased.
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FIG. 18: The OPE and TPE potentials of 0(1+) B¯∗B¯∗ system in momentum space (left panel) and the effective potentials in coordinate space
(right panel). Notations same as in Fig. 9.
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FIG. 19: The effective potentials of 0(1+) B¯B¯∗ (left panel) and B¯∗B¯∗ (right panel) systems in strict heavy quark limit. Notations same as in Fig.
9.
IV. ESTIMATION OF THE O(2) LECS CONTRIBUTIONS
In Sec. III, we discard the contributions of O(2) LECs
since no enough data are available now to fit all of them. In
this section, we pick these LECs up to see the influences on
our numerical results. For this purpose, two different strate-
gies are put to use. Although the estimations are rough and
we are not trying to provide the very accurate LECs, they still
can tell us some useful information about the reliability of the
obtained results and how much the errors from the uncertainty
of LECs at O(2) are.
A. Strategy A
We first adopt the nonanalytic dominance approximation to
give an estimation of LECs contributions [106, 107], This ap-
proximation is based on the fact that the scattering matrix can
be decomposed into analytic and nonanalytic part in chiral
perturbation theory. The nonanalytic contributions can only
be obtained from loop diagrams. However, the analytic terms
can originate from both tree and loop graphs, and they are the
polynomials of the expanding parameter . The analytic terms
from loop diagrams can be absorbed by the LECs at the same
order. Therefore, we can use the nonanalytic contributions to
discuss the convergence of potentials since the O(2) LECs
cannot be fixed now.
In the nonanalytic dominance approximation, we assume
there is a large cancellation between the analytic terms of loop
diagrams and the finite parts of O(2) LECs in Eqs. (6)-(8).
With this approximation, we redo the calculation and give the
binding energies of 0(1+) B¯B¯∗ and B¯∗B¯∗ with Λ = 0.7 GeV in
the third column of Tab. III. The result given with the nonana-
lytic dominance approximation shows chiral expansion works
well. However, one also needs to note that, in this strategy, we
perhaps underestimate the effects of O(2) LECs.
B. Strategy B
The O(2) scattering amplitudes of 0(1+) B¯B¯∗ and B¯∗B¯∗
generated from the Lagrangians in Eq. (6) can be written as
YB¯B¯∗I=0 = 32m2pi
[
−Dha − Dhb + 3(Eha + Ehb)
]
(2 · ∗4), (92)
YB¯∗ B¯∗I=0 = 32m2pi
[
Dha + D
h
b − 3(Eha + Ehb)
]
(ε1 − ε2) . (93)
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TABLE III: The binding energies of 0(1+) B¯B¯∗ and B¯∗B¯∗ states ob-
tained with different strategies in units of MeV. “No O(2) LECs”
represents the results obtained without considering the contributions
from the finite part of O(2) contact terms in Eqs. (6)-(8).
Binding energy No O(2) LECs Strategy A Strategy B
∆EB¯B¯∗ −12.6+9.2−12.9 −10.4+7.2−9.7 −15.9+9.7−12.7
∆EB¯∗ B¯∗ −23.8+16.3−21.5 −20.1+14.5−20.0 −28.2+18.6−23.6
By dimensional analysis, we can naively get
Dha ∼
Da
Λ2χ
, Dhb ∼
Db
Λ2χ
, Eha ∼
Ea
Λ2χ
, Ehb ∼
Eb
Λ2χ
, (94)
where Λχ ' 1 GeV.
Expanding the Lagrangians in Eq. (7) and Eq. (8), we no-
tice the contributions from these two equations will be pro-
portional to E2 and k2 (where E is the residual energy, and k is
the residual momentum), respectively. In our calculations, the
incoming and outgoing heavy mesons are on-shell, so we can
assume the contributions of O(2) tree diagrams mainly come
from the ones governed by Eq. (6).
With the relations in Eq. (94) and the values given in Eq.
(27), we can roughly estimate the numerical values of Dha, · · · ,
Ehb to examine the influence of the LECs at O(2). The corre-
sponding results are listed in the last column of Tab. III.
In Tab. III, the difference between the results of “Strategy
A” (or “Strategy B”) and “No O(2) LECs” can be regraded
as an evaluation of the errors resulted from the uncertainty of
LECs at O(2). Although the two strategies used above are
crude, the results in Tab. III show that the contributions of
O(2) LECs should be small. Neglecting the O(2) tree dia-
grams is safe within the allowable range of errors at the early
stage of the study. These LECs at O(2) would be determined
in a complete analysis in future when more experimental data
are available.
V. SUMMARY
In summary, we have systematically investigated the inter-
meson interactions of double-beauty B¯B¯, B¯B¯∗, and B¯∗B¯∗ sys-
tems with HMχEFT. In addition to the O(0) FBCI and OPE
diagrams, we also include the O(2) TPE diagrams and one-
loop corrections to FBCI and OPE diagrams. The effective
potentials are calculated with Weinberg’s formalism [77, 78],
i.e., we do not calculate the scattering matrix directly since the
2PR contributions will spoil the correct power counting, and
instead, we only take into account the 2PI parts of Feynman
diagrams to derive the effective potentials. Moreover, with
the aid of simple Gauss cutoff, we make the Fourier transfor-
mation to obtain the effective potentials with more visualized
form in coordinate space, and then by iterating the potentials
into Schro¨dinger equation, we not only can look for the bound
state solutions but also can recover the 2PR contributions that
we subtract before.
We only consider the S -wave B¯(∗)B¯(∗) systems in this work,
and thus based on the selection rules in Tab. I, the physically
allowed states are: 1(0+) B¯B¯; 1(1+) and 0(1+) B¯B¯∗; 1(0+),
1(2+), and 0(1+) B¯∗B¯∗. The potentials of these six channels
with different I(JP) quantum numbers are studied and dis-
cussed in detail. We find the convergences of chiral correc-
tions are all very good in these six channels, and the FBCI,
which depicts the short-range interaction, plays the crucial
role in determining the behaviors of the total potentials.
For 1(0+) B¯B¯ and B¯∗B¯∗ systems, the total potentials are both
repulsive, and thus we conclude that no bound states can exist
in these two channels. The same situation also holds for the
1(1+) B¯B¯∗ and 1(2+) B¯∗B¯∗ systems.
While for the 0(1+) B¯B¯∗ and B¯∗B¯∗ systems, our results are
very interesting because the total potentials of these two chan-
nels are both attractive. By solving the Schro¨dinger equa-
tion, we find two bound states in these two channels with
the corresponding binding energy ∆EB¯B¯∗ ' −12.6+9.2−12.9 MeV
and ∆EB¯∗ B¯∗ ' −23.8+16.3−21.5 MeV, respectively. We predict their
masses to be
mB¯B¯∗ ' 10591.4+9.2−12.9 MeV, mB¯∗ B¯∗ ' 10625.5+16.3−21.5 MeV.
Our result can qualitatively confirm the conclusions drawn by
the OBE model [73], quark model potential [39], and Lattice
QCD [52].
It will be an intriguing topic to search for the exotic double-
beauty molecular states in 0(1+) channels experimentally.
These two molecular candidates cannot directly decompose
into their components due to the constraints of phase space.
However, the B¯∗ meson can decay into B¯γ via electromag-
netic interaction. We find the masses of 0(1+) B¯B¯∗ and B¯∗B¯∗
states both lie above the thresholds for decaying into B¯B¯γ and
B¯B¯γγ, and thus they are reconstructable in their electromag-
netic decay modes.
Our results and above typical decay modes provide impor-
tant information to future search in experiments. Additionally,
the analytical chiral structures of the effective potentials be-
tween B mesons are very useful for the extrapolations of the
B meson pair interactions in Lattice QCD calculations.
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Appendix A: Loop integral
1. Definitions of J functions
The various J functions that appeared in the amplitudes of
the previous sections are defined in the following, and they can
be obtained by calculating the loop integrals in D dimensions.
i
∫
dDlλ4−D
(2pi)D
{1, lα, lαlβ}
l2 − m2 + iε ≡
{
Jc0 , 0, gαβJc21
}
(m), (A1)
i
∫
dDlλ4−D
(2pi)D
{1, lα, lαlβ, lαlβlγ}
(v · l + ω + iε) (l2 − m2 + iε) ≡ {Ja0 , vαJa11, vαvβJa21 + gαβJa22, (g ∨ v)Ja31 + vαvβvγJa32} (m, ω), (A2)
i
∫
dDlλ4−D
(2pi)D
{1, lα, lαlβ, lαlβlγ}
(v · l + ω + iε) [(+/−)v · l + δ + iε] (l2 − m2 + iε)
≡
{
Jg/h0 , vαJg/h11 , vαvβJg/h21 + gαβJg/h22 , (g ∨ v)Jg/h31 + vαvβvγJg/h32
}
(m, ω, δ), (A3)
i
∫
dDlλ4−D
(2pi)D
{1, lα, lαlβ, lαlβlγ}(
l2 − m2 + iε) [(l + q)2 − m2 + iε] ≡ {JF0 , qαJF11, qαqβJF21 + gαβJF22, (g ∨ q)JF31 + qαqβqγJF32} (m, q), (A4)
i
∫
dDlλ4−D
(2pi)D
{1, lα, lαlβ, lαlβlγ, lαlβlγlδ}
(v · l + ω + iε) (l2 − m2 + iε) [(l + q)2 − m2 + iε] ≡ {JT0 , qαJT11 + vαJT12, gαβJT21 + qαqβJT22 + vαvβJT23
+(q ∨ v)JT24, (g ∨ q)JT31 + qαqβqγJT32 + (q2 ∨ v)JT33 + (g ∨ v)JT34 + (q ∨ v2)JT35 + vαvβvγJT36, (g ∨ g)JT41
+(g ∨ q2)JT42 + qαqβqγqδJT43 + (g ∨ v2)JT44 + vαvβvγvδJT45 + (q3 ∨ v)JT46 + (q2 ∨ v2)JT47 + (q ∨ v3)JT48
+(g ∨ q ∨ v)JT49
}
(m, ω, q), (A5)
i
∫
dDlλ4−D
(2pi)D
{1, lα, lαlβ, lαlβlγ, lαlβlγlδ}
(v · l + ω + iε) [(+/−)v · l + δ + iε] (l2 − m2 + iε) [(l + q)2 − m2 + iε] ≡ {JR/B0 , qαJR/B11 + vαJR/B12 , gαβJR/B21
+qαqβJR/B22 + vαvβJR/B23 + (q ∨ v)JR/B24 , (g ∨ q)JR/B31 + qαqβqγJR/B32 + (q2 ∨ v)JR/B33 + (g ∨ v)JR/B34 + (q ∨ v2)JR/B35
+vαvβvγJR/B36 , (g ∨ g)JR/B41 + (g ∨ q2)JR/B42 + qαqβqγqδJR/B43 + (g ∨ v2)JR/B44 + vαvβvγvδJR/B45 + (q3 ∨ v)JR/B46
+(q2 ∨ v2)JR/B47 + (q ∨ v3)JR/B48 + (g ∨ q ∨ v)JR/B49
}
(m, ω, δ, q), (A6)
where the representation X ∨ Y ∨ Z ∨ · · · denotes the sym-
metrized tensor structure of XαYβZγ · · ·+ · · · , and can be writ-
ten as,
q ∨ v ≡ qαvβ + qβvα, g ∨ q ≡ gαβqγ + gαγqβ + gγβqα,
g ∨ v ≡ gαβvγ + gαγvβ + gγβvα,
q2 ∨ v ≡ qβqγvα + qαqγvβ + qαqβvγ,
q ∨ v2 ≡ qγvαvβ + qβvαvγ + qαvβvγ,
g ∨ g ≡ gαβgγδ + gαδgβγ + gαγgβδ,
g ∨ q2 ≡ qαqβgγδ + qαqδgβγ + qαqγgβδ + qγqδgαβ + qβqδgαγ
+qβqγgαδ,
g ∨ v2 ≡ vαvβgγδ + vαvδgβγ + vαvγgβδ + vγvδgαβ + vβvδgαγ
+vβvγgαδ,
q3 ∨ v ≡ qβqγqδvα + qαqγqδvβ + qαqβqδvγ + qαqβqγvδ,
q ∨ v3 ≡ qδvαvβvγ + qγvαvβvδ + qβvαvγvδ + qαvβvγvδ,
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q2 ∨ v2 ≡ qγqδvαvβ + qβqδvαvγ + qαqδvβvγ + qβqγvαvδ
+qαqγvβvδ + qαqβvγvδ,
g ∨ q ∨ v ≡ qβvαgγδ + qαvβgγδ + qδvαgβγ + qγvαgβδ
+qαvδgβγ + qαvγgβδ + qδvγgαβ + qδvβgαγ
+qγvδgαβ + qγvβgαδ + qβvδgαγ + qβvγgαδ.
2. Calculations of J functions
For the loop integral Jcx and JFx defined in Eq. (A1) and
Eq. (A4), one can easily obtain their results with dimensional
regularization [108]. Such as
Jc0(m) ≡ i
∫
dDlλ4−D
(2pi)D
1
l2 − m2 + iε
=
λ4−D
(4pi)D/2
Γ
(
1 − D
2
) ( 1
m2
)1− D2
= 2m2L +
m2
16pi2
ln
m2
λ2
, (A7)
where
L =
1
16pi2
[
1
D − 4 +
1
2
(γE − 1 − ln 4pi)
]
. (A8)
Here, γE is the Euler-Mascheroni constant 0.5772157.
ForJF0 , just one more step, i.e., Feynman parameterization,
is needed,
JF0 (m, q) ≡ i
∫
dDlλ4−D
(2pi)D
1(
l2 − m2 + iε) [(l + q)2 − m2 + iε]
= i
∫ 1
0
dx
∫
dDlλ4−D
(2pi)D
1[
(l + xq)2 − ∆]2 , (A9)
where ∆ = x(x−1)q2+m2−iε. Performing a shift of integration
variables l→ l− xq so that there remain no terms linear in l in
the denominator, and repeating the same step as in Eq. (A7),
we can get
JF0 (m, q) = 2L +
1
16pi2
∫ 1
0
dx
(
1 + ln
∆
λ2
)
. (A10)
Next, we outline the deductions of Ja0 (Eq. (A2)) which
serves as a starting point for more complicated loop integrals,
such as JTx . The calculations are slightly different with the
integrals containing only pion propagators. We should use the
following Feynman trick to combine the denominators [58],
1
ABn
= 2
∫ ∞
0
dy
n
(2yA + B)n+1
. (A11)
Setting A = v · l + ω + iε, B = l2 − m2 + iε, and n = 1, we get
Ja0 = 2i
∫ ∞
0
dy
∫
dDlλ4−D
(2pi)D
1(
l2 + 2yv · l + 2yω − m2 + iε)2 .
The terms linear in l and y in above equation can be elimi-
nated via shifting the integration variables: (1) performing a
shift l → l − yv, and making use of v2 = 1, (2) shifting the
integration variable y→ y + ω. Finally, we obtain
Ja0 = 2i
∫ ∞
−ω
dy
∫
dDlλ4−D
(2pi)D
1(
l2 − y2 − m2 + ω2 + iε)2 .
(A12)
We should notice that the range of y integration now changes
to [−ω,∞), and we split this range into two parts, [−ω, 0) and
[0,∞). The first part can be easily obtained with dimensional
regularization, which reads
4ωL +
1
8pi2
∫ 0
−ω
dy
(
1 + ln
∆˜
λ2
)
, (A13)
where ∆˜ = y2 + m2 − ω2. For the second part, we first use β
function to integrate out the y variables, then use dimensional
regularization to integrate out l, and thus the result reads
1
8pi
√
m2 − ω2. (A14)
Finally, we can get the full form of Ja0 ,
Ja0 = 4ωL +
1
8pi2
∫ 0
−ω
dy
(
1 + ln
∆˜
λ2
)
+
1
8pi
√
m2 − ω2.
(A15)
If one wants to obtain the results of Ja11, Ja21, Ja22 · · · , the
shifts on integration variables l and y made above should be
kept in mind, because the integration variables that appeared
in the numerator also have to be shifted accordingly.
The calculations of JTx are very similar to Jax as illustrated
above, the concrete procedures are:
(1) Using Feynman’s trick to combine the denominators of
two pions propagators, then shifting l → l − xq, and making
use of v · q = 0.
(2) Using Eq. (A11) to combine the denominators of heavy
meson and the combined pion propagators.
(3) Then just repeating the subsequent procedures what we
have done for calculating Jax .
At last, we list the expressions of the used J functions in
our calculations, and these functions are calculated numeri-
cally in this work.
Ja22(m, ω) = 2ω
(
m2 − 2
3
ω2
)
L +
1
16pi2
∫ 0
−ω
∆˜ ln
∆˜
λ2
dy +
1
24pi
A˜3/2, where ∆˜ = y2 + m2 − ω2, A˜ = m2 − ω2. (A16)
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Jg22(m, ω, δ) =

1
δ−ω
[
Ja22(m, ω) − Ja22(m, δ)
]
if ω , δ
− ∂
∂xJa22(m, x)
∣∣∣∣
x→ω(or δ) if ω = δ
. (A17)
JF22(m, q) =
(
m2 − q
2
6
)
L +
1
32pi2
∫ 1
0
∆¯ ln
∆¯
λ2
dx, where ∆¯ = x(x − 1)q2 + m2. (A18)
JT21(m, ω, q) = 2ωL +
1
16pi2
∫ 1
0
dx
∫ 0
−ω
(
1 + ln
∆
λ2
)
dy +
1
16pi
∫ 1
0
A1/2dx, (A19)
JT22(m, ω, q) =
1
8pi2
∫ 1
0
dx
∫ 0
−ω
x2
∆
dy +
1
16pi
∫ 1
0
x2A−1/2dx, (A20)
JT24(m, ω, q) = −L +
1
8pi2
∫ 1
0
dx
∫ 0
−ω
x(y + ω)
∆
dy − 1
16pi2
∫ 1
0
x
(
1 + ln
A
λ2
)
dx +
ω
16pi
∫ 1
0
xA−1/2dx, (A21)
JT31(m, ω, q) = −ωL −
1
16pi2
∫ 1
0
dx
∫ 0
−ω
x
(
1 + ln
∆
λ2
)
dy − 1
16pi
∫ 1
0
xA1/2dx, (A22)
JT32(m, ω, q) = −
1
8pi2
∫ 1
0
dx
∫ 0
−ω
x3
∆
dy − 1
16pi
∫ 1
0
x3A−1/2dx, (A23)
JT33(m, ω, q) =
2
3
L − 1
8pi2
∫ 1
0
dx
∫ 0
−ω
x2(y + ω)
∆
dy +
1
16pi2
∫ 1
0
x2
(
1 + ln
A
λ2
)
dx − ω
16pi
∫ 1
0
x2A−1/2dx, (A24)
JT34(m, ω, q) =
(
m2 − q
2
6
− 2ω2
)
L − 1
16pi2
∫ 1
0
dx
∫ 0
−ω
(y + ω)
(
1 + ln
∆
λ2
)
dy − ω
16pi
∫ 1
0
A1/2dx +
1
32pi2
∫ 1
0
A ln
A
λ2
dx, (A25)
JT36(m, ω, q) =
(
−2m2 + q
2
3
+ 8ω2
)
L − 1
8pi2
∫ 1
0
dx
∫ 0
−ω
(y + ω)3
∆
dy − ω
3
16pi
∫ 1
0
xA−1/2dx
− 1
16pi2
∫ 1
0
xA ln
A
λ2
dx +
3ω
16pi
∫ 1
0
xA1/2 +
3ω2
16pi2
∫ 1
0
x
(
1 + ln
A
λ2
)
dx, (A26)
JT41(m, ω, q) = ω
(
m2 − q
2
6
− 2
3
ω2
)
L +
1
32pi2
∫ 1
0
dx
∫ 0
−ω
∆ ln
∆
λ2
dy +
1
48pi
∫ 1
0
A3/2dx, (A27)
JT42(m, ω, q) =
2
3
ωL +
1
16pi2
∫ 1
0
dx
∫ 0
−ω
x2
(
1 + ln
∆
λ2
)
dy +
1
16pi
∫ 1
0
x2A1/2dx, (A28)
JT43(m, ω, q) =
1
8pi2
∫ 1
0
dx
∫ 0
−ω
x4
∆
dy +
1
16pi
∫ 1
0
x4A−1/2dx, (A29)
where ∆ = y2 + A, A = x(x − 1)q2 + m2 − ω2.
JRx (m, ω, δ, q) =

1
δ−ω
[
JTx (m, ω, q) − JTx (m, δ, q)
]
if ω , δ
− ∂
∂xJTx (m, x, q)
∣∣∣∣
x→ω(or δ) if ω = δ
. (A30)
3. Removing the 2PR contributions from Jhx and JBx functions
We can not directly calculate the full expressions ofJhx andJBx functions as defined in Eq. (A3) and Eq. (A6), respec-
tively, because they contain both 2PR and 2PI contributions.
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The 2PR part will be recovered when the effective potential is
inserted into Schro¨dinger equation, and thus this part has to
be removed when we calculate the potentials. In the follow-
ing part, we illustrate how to subtract the 2PR contributions
by utilizing the Weinberg’s formalism (one can find a more
convenient approach in Ref. [109]), and take the JB21 as an
example.
i
∫
dDlλ4−D
(2pi)D
lαlβ(
v · l + ~p2−~l22M1 + ω + iε
) (
−v · l + ~p2−~l22M2 + δ + iε
) (
l2 − m2 + iε) [(l + q)2 − m2 + iε]
= i
∫ 1
0
dx
∫
dDlλ4−D
(2pi)D
(l − xq)α(l − xq)β(
v · l + ~p2−~l22M1 + ω + iε
) (
−v · l + ~p2−~l22M2 + δ + iε
) (
l2 −M2 + iε)2 , (A31)
whereM2 = x(x− 1)q2 +m2, and we have used v · q = 0. The
kinetic term (~p2 − ~l2)/2Mi (Mi is the mass of heavy meson)
is included in the denominators of heavy mesons propagators
for avoiding the pinch singularity when ω = δ = 0 (cf. discus-
sions in Ref. [78]). In Eq. (A31), the pion poles contribute,
and there is also a contribution from the double heavy meson
poles. The contribution from the latter one is enhanced in the
1/MB expansion and gives the result of the iterated O(0) OPE
diagram, which is just the 2PR part that we need to eliminate.
In other words, only the contribution from the pion poles ac-
counts for the effective potential. The pion poles are located
at
l01 = −
√
~l2 +M2 + iε, l02 =
√
~l2 +M2 − iε.
Picking out lαlβ term in the second line of Eq. (A31) and
substituting it with gαβ(l20 − ~l2)/D, then we can get the scalar
function JB21 defined in Eq. (A6). Closing the l0 contour inte-
gral in the lower half-plane with the pole of interest located at
l0 =
√
~l2 +M2− iε, the 2PI part ofJB21 can be easily obtained
by using residue theorem and dimensional regularization in
D − 1 dimensions, the corresponding result is written as
[
JB21
]
2PI
=
(
1
4D
) ∫ 1
0
dx
∫
dD−1lλ4−D
(2pi)D−1
[
1
(l2 +M2 − iε)3/2
− 3l
2
(l2 +M2 − iε)5/2
]
= L +
1
64pi2
∫ 1
0
dx
(
3 + 2 ln
M2
λ2
)
. (A32)
In the following, we write out the used 2PI parts of Jhx andJBx functions in this calculations.[
Jh22
]
2PI
= m2L +
m2
64pi2
(
1 + 2 ln
m2
λ2
)
, (A33)
[
JB22
]
2PI
=
1
8pi2
∫ 1
0
x2
M2 dx, (A34)
[
JB31
]
2PI
= −1
2
L − 1
64pi2
∫ 1
0
x
(
3 + 2 ln
M2
λ2
)
dx, (A35)
[
JB32
]
2PI
= − 1
8pi2
∫ 1
0
x3
M2 dx, (A36)
[
JB41
]
2PI
=
1
3
(
m2 − q
2
6
)
L +
1
288pi2
∫ 1
0
M2
(
2
+3 ln
M2
λ2
)
dx, (A37)
[
JB42
]
2PI
=
1
3
L +
1
64pi2
∫ 1
0
x2
(
3 + 2 ln
∆
λ2
)
dx, (A38)
[
JB43
]
2PI
=
1
8pi2
∫ 1
0
x4
M2 dx. (A39)
Appendix B: The amplitudes of 0(1+) B¯B¯∗ state
The I = 0 amplitudes that come from Fig. 5 are:
YX2.1I=0 = 8 [−Da − Db + 3(Ea + Eb)] (2 · ∗4), (B1)
YH2.1I=0 = −
3g2
f 2
(q · 2)(q · ∗4)
q2 − m2pi
. (B2)
The I = 0 amplitudes that come from Fig. 6 are:
Yg2.1I=0 = Cg2.1
g2
f 2
(2 · ∗4)
{
Jg22
}
r
(mpi,E,E), (B3)
Yg2.2I=0 =
g2
f 2
(2 · ∗4)
{
Cg2.2Jg22
}
r
(mpi,E − ∆,E − ∆), (B4)
Yg2.3I=0 = Cg2.3
g2
f 2
(2 · ∗4)
{
Jg22
}
r
(mpi,E + ∆,E − ∆), (B5)
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Yg2.4I=0 = 0, (B6)
Yg2.7I=0 = Cg2.7
g2
f 2
(2 · ∗4)
{
Jg22
}
r
(mpi,E + ∆,E + ∆), (B7)
Yh2.1I=0 = Ch2.1
g2
f 2
(2 · ∗4)
{
Jh22
}
r
(mpi,E + ∆,E − ∆), (B8)
Yh2.2I=0 = Ch2.2
g2
f 2
(2 · ∗4)
{
Jh22
}
r
(mpi,E,E − ∆), (B9)
Yz2.1I=0 = Cz2.1
g2
f 2
(2 · ∗4)
{
∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣∣
x→E
, (B10)
Yz2.2I=0 = Cz2.2
g2
f 2
(2 · ∗4)
{
∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣∣
x→E+∆
,(B11)
Yz2.3I=0 = Cz2.3
g2
f 2
(2 · ∗4)
{
(D − 1) ∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣∣
x→E−∆
,
(B12)
where
Cg2.1 = 12(Da − Db + Ea − Eb),
Cg2.2 = 6
[
D(Da − Db + Ea − Eb) + 2(Db + Eb)
]
,
Cg2.3 = 12(Db + Eb), Cg2.7 = 12(Da + Ea),
Ch2.1 = 6(Da + Db − 3Ea − 3Eb), Ch2.2 = 24(Db − 3Eb),
Cz2.1 = 12(Da + Db − 3Ea − 3Eb),
Cz2.2 = Cz2.3 = 1
2
Cz2.1 . (B13)
Note that the coefficients Cx appeared here should not be con-
fused with those for the I = 1 channels.
The amplitudes of diagrams g2.5, g2.6, h2.3, and h2.4 can be
obtained by the relations
Yg2.5I=0 = Yg2.3I=0, Yg2.6I=0 = Yg2.4I=0, Yh2.3I=0 = Yh2.1I=0, Yh2.4I=0 = Yh2.2I=0.
The I = 0 amplitudes that come from Fig. 7 are:
Yp2.1I=0 = −
3g2
f 2
(q · 2)(q · ∗4)
q2 − m2pi
Σ(mpi), (B14)
Yc2.1I=0 =
g2
f 4
(q · 2)(q · ∗4)
q2 − m2pi
{
Jc0
}
r
(mpi), (B15)
Yc2.3I=0 = −
3g4
4 f 4
(q · 2)(q · ∗4)
q2 − m2pi
{
Jg22
}
r
(mpi,E + ∆,E − ∆),(B16)
Yc2.4I=0 =
3g4
2 f 4
(q · 2)(q · ∗4)
q2 − m2pi
{
Jg22
}
r
(mpi,E,E − ∆), (B17)
Yc2.7I=0 =
9g4
4 f 4
(q · 2)(q · ∗4)
q2 − m2pi
{
(D − 1) ∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣∣
x→E−∆
,
(B18)
Yc2.8I=0 =
9g4
4 f 4
(q · 2)(q · ∗4)
q2 − m2pi
{
∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣∣
x→E+∆
, (B19)
Yc2.9I=0 =
9g4
2 f 4
(q · 2)(q · ∗4)
q2 − m2pi
{
∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣∣
x→E
, (B20)
Yc2.10I=0 = Yc2.11I=0 = 0. (B21)
The amplitudes of diagrams c2.2, c2.5, and c2.6 can be obtained
by the relations
Yc2.2I=0 = Yc2.1I=0, Yc2.5I=0 = Yc2.3I=0, Yc2.6I=0 = Yc2.4I=0.
The I = 0 amplitudes that come from Fig. 8 are:
YF2.1I=0 = −
3
f 4
(2 · ∗4)
{
JF22
}
r
(mpi, q), (B22)
YT2.1I=0 = −
3g2
f 4
{
(2 · ∗4)JT34 + (q · 2)(q · ∗4)
(
JT24 +JT33
) }
r
(mpi,E + ∆, q) , (B23)
YT2.2I=0 = −
3g2
f 4
{
(2 · ∗4)
[
2JT34 − ~q2
(
JT24 +JT33
) ]
− (q · 2)(q · ∗4)
(
JT24 +JT33
) }
r
(mpi,E, q), (B24)
YT2.3I=0 = −
3g2
f 4
{
(2 · ∗4)
[
(D − 1)JT34 − ~q2
(
JT24 +JT33
) ]}
r
(mpi,E − ∆, q), (B25)
22
YB2.1I=0 =
9g4
4 f 4
{
(2 · ∗4)
[
− ~q2
[
(D + 5)
(
JB31 +JB42
)
− ~q2
(
JB22 + 2JB32 +JB43
)
+JB21
]
+ 2(D + 1)JB41
]
−(q · 2)(q · ∗4)
[
(D + 3)
(
JB31 +JB42
)
− ~q2
(
JB22 + 2JB32 +JB43
)
+JB21
]}
r
(mpi,E − ∆,E, q), (B26)
YB2.2I=0 =
9g4
4 f 4
{
(2 · ∗4)
[
(D + 1)JB41 − ~q2
(
JB31 +JB42
) ]
+ (q · 2)(q · ∗4)
[
(D + 3)
(
JB31 +JB42
)
+JB21
−~q2
(
JB22 + 2JB32 +JB43
) ]}
r
(mpi,E + ∆,E − ∆, q), (B27)
YB2.3I=0 = −
9g4
4 f 4
{[
(2 · ∗4)~q2 + (q · 2)(q · ∗4)
]
JB21
}
r
(mpi,E − ∆,E, q). (B28)
When q0 = 0, the amplitudes of the diagrams R2.1∼R2.3 can be obtained by the relations
YR2.1I=0 = −
1
3
YB2.1I=0
∣∣∣∣JBx→JRx , YR2.2I=0 = −13YB2.2I=0
∣∣∣∣JBx→JRx , YR2.3I=0 = 13YB2.3I=0
∣∣∣∣JBx→JRx . (B29)
Appendix C: The amplitudes of 0(1+) B¯∗B¯∗ state
The I = 0 amplitudes that come from Fig. 12 are:
YX3.1I=0 = 4 [Da + Db − 3(Ea + Eb)] (ε1 − ε2) , (C1)
YH3.1I=0 =
3g2
f 2
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
. (C2)
The I = 0 amplitudes that come from Fig. 13 are:
Yg3.1I=0 = Cg3.1
g2
f 2
(ε1 − ε2)
{
Jg22
}
r
(mpi,E,E), (C3)
Yg3.2I=0 = Cg3.2
g2
f 2
(ε1 − ε2)
{
Jg22
}
r
(mpi,E + ∆,E + ∆), (C4)
Yg3.3I=0 = 0, (C5)
Yh3.1I=0 = Ch3.1
g2
f 2
(ε1 − ε2)
{
Jh22
}
r
(mpi,E,E), (C6)
Yh3.2I=0 = 0, (C7)
Yh3.3I=0 = Ch3.3
g2
f 2
(ε1 − ε2)
{
Jh22
}
r
(mpi,E + ∆,E), (C8)
Yz3.1I=0 = Cz3.1
g2
f 2
(ε1 − ε2)
{
∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣∣
x→E
, (C9)
Yz3.2I=0 = Cz3.2
g2
f 2
(ε1 − ε2)
{
∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣∣
x→E+∆
, (C10)
where
Cg3.1 = −12(3Da + Db + 3Ea + Eb),
Cg3.2 = −12(Da − Db + Ea − Eb),
Ch3.1 = −6(Da + Db − 3Ea − 3Eb), Ch3.3 = −24(Db − 3Eb),
Cz3.1 = −24(Da + Db − 3Ea − 3Eb), Cz3.2 = 12C
z3.1 , (C11)
and the amplitudes of diagrams g3.4, h3.4, h3.5, and h3.6 can be
obtained by the relations
Yg3.4I=0 = Yg3.3I=0, Yh3.4I=0 = Yh3.1I=0, Yh3.5I=0 = Yh3.2I=0, Yh3.6I=0 = Yh3.3I=0.
The I = 0 amplitudes that come from Fig. 14 are:
Yp3.1I=0 =
3g2
f 2
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
Σ(mpi), (C12)
Yc3.1I=0 = −
2g2
f 4
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
{
Jc0
}
r
(mpi), (C13)
Yc3.2I=0 = −
3g4
2 f 4
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
{
Jg22
}
r
(mpi,E + ∆,E),(C14)
Yc3.3I=0 = −
3g4
2 f 4
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
{
Jg22
}
r
(mpi,E + ∆,E),(C15)
Yc3.4I=0 =
3g4
2 f 4
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
{
Jg22
}
r
(mpi,E,E), (C16)
Yc3.5I=0 = −
9g4
8 f 4
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
{
∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣∣
x→E+∆
,
(C17)
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Yc3.6I=0 = −
9g4
4 f 4
G(q, 1, 2, ∗3 , ∗4)
q2 − m2pi
{
∂
∂x
Ja22
}
r
(mpi, x)
∣∣∣∣∣
x→E
,
(C18)
Yc3.7I=0 = Yc3.8I=0 = 0, (C19)
The I = 0 amplitudes that come from Fig. 15 are:
YF3.1I=0 =
3
f 4
ε1
{
JF22
}
r
(mpi, q), (C20)
YT3.1I=0 = −
3g2
f 4
{[
εa1 + 2ε1~q
2 + εb1
] (
JT24 +JT33
)
− 4ε1JT34
}
r
(mpi,E, q), (C21)
YT3.2I=0 =
3g2
f 4
{[
εa1 + ε
b
1
] (
JT24 +JT33
)
+ 2ε1JT34
}
r
(mpi,E + ∆, q), (C22)
YB3.1I=0 = −
9g4
4 f 4
{[
ε1~q4 + εa1~q
2 + εb1~q
2 + εc1
] (
JB22 + 2JB32 +JB43
)
−
[
8ε1~q2 + 6εa1 + 6ε
b
1 − εa2 − εb2 − εa3
] (
JB31 +JB42
)
−
[
ε1~q2 + εa1 + ε
b
1 − εa3
]
JB21 +
[
6ε1 + ε2 + ε3
]
JB41 + εa3JB31 + εb3JB42
}
r
(mpi,E,E, q), (C23)
YB3.2I=0 = −
9g4
4 f 4
{
εc3
(
JB22 + 2JB32 +JB43
)
+
[
εa1 + ε
b
1 + ε
a
2 + ε
b
2 + ε
b
3
] (
JB31 +JB42
)
+
[
ε1 + ε2 + ε3
]
JB41
+εb3
(
JB21 +JB31
)
+ εa3JB42
}
r
(mpi,E + ∆,E + ∆, q), (C24)
YB3.3I=0 = −
9g4
4 f 4
{ [
εa1~q
2 + εb1~q
2 + 2εc3
] (
JB22 + 2JB32 +JB43
)
+
[
− 5εa1 − 5εb1 + 2ε1~q2 + 2εa2 + 2εb2 + 2εa3 + 2εb3
] (
JB31 +JB42
)
+
[
− εa1 − εb1 + εa2 + εb2
]
JB21 +
[
− 8ε1 + 2ε2 + 2ε3
]
JB41
}
r
(mpi,E,E + ∆, q), (C25)
YR3.1I=0 = −
1
3
YB3.1I=0
∣∣∣∣JBx→JRx , YR3.2I=0 = −13YB3.2I=0
∣∣∣∣JBx→JRx , YR3.3I=0 = −13YB3.3I=0
∣∣∣∣JBx→JRx . (C26)
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